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In this letter, we investigate the validity of the generalized second law of thermodynamics of
the universe bounded by the event horizon in the holographic dark energy model. The universe is
chosen to be homogeneous and isotropic and the validity of the first law has been assumed here.
The matter in the universe is taken in the form of non-interacting two fluid system- one component
is the holographic dark energy model and the other component is in the form of dust.
PACS numbers: 98.80.Cq, 98.80.-k
I. INTRODUCTION
At present it is strongly believed that our universe is experiencing an accelerated expansion. The numerous
cosmological observations suggest that the acceleration is driven by a missing energy density with negative
pressure is called as dark energy. An approach to the problem of dark energy is holographic model[1-13]. The
holographic principle states that the no. of degrees of freedom for a system within a finite region should be
finite and is bounded roughly by the area of its boundary. From the effective quantum field theory one obtains
the holographic energy density as[14]
ρD = 3c
2Mp
2L−2
where L is an IR cut-off in units Mp
2 = 1. Li shows that[1] if we choose L as the radius of the future event
horizon, we can get the correct equation of state and get the desired accelerating universe. Also in equation
(1) c is any free dimensionless parameter whose value is determined by observational data[8,15-19]. However,
in the present work we have taken c to be arbitrary.
From the string theory point if view the dimension of space-time should be more than four. However,
Einstein-Hilbert(EH) action is the most general one in 4-D. For higher dimension general lagrangian contains
Lovelock terms in addition to EH term and we have second order field equations. The simplest extension is
to take the Gauss-Bonnet(GB)[19-24] term in addition to EH term. Further GB term is important both from
geometrical and physical point of view. The GB term in the lagrangian is the higher curvature correction
to general relativity and naturally arises as the next leading order of the α expansion of heterotic super
string theory[25], where α−1 measures the string tension. Geometrically in five dimensions, Einstein-Hilbert
action with GB term gives the most general lagrangian[26] for the second order field equations, while in four
dimensions, the lagrangian corresponding to EH action is the most general one and GB term is only the
topological one, which does not affect the dynamics[27].
In this work we have examined the validity of the generalized second law of thermodynamics of the universe
bounded by the event horizon assuming the first law both for Einstein gravity as well as Gauss-Bonnet gravity.
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2II. VALIDITY OF THE GENERALIZED SECOND LAW:
A. Einstein Gravity
In homogeneous and isotropic FRW model, the space-time metric can be written as
ds2 = habdx
adxb + r˜2dΩ2
2 (1)
where dΩ2
2 = dθ2 + (sin2θ) dφ2, is the metric on unit 2- sphere, r˜ = ar is the area radius
and hab = diag(−1, a
2
(1−kr2) ) with k = 0,±1 for flat,closed and open model. The Friedmann equations
are (choosing 8piG = 1 )
H2 +
k
a2
=
ρt
3
(2)
and
H˙ − k
a2
= − 1
2
(ρt + pD) (3)
with ρt = ρm + ρD . Here ρD and pD correspond to energy density and thermodynamic pressure of the
holographic dark energy model while ρm is the energy density corresponding to dust. As the two component
matter system is non interacting so they satisfy the energy conservation equation separately, i.e.
˙ρm + 3H(ρm) = 0 (4)
and
˙ρD + 3H(ρD + pD) = 0 (5)
We shall use the holographic dark energy (DE) model in reference [1]. As the universe is bounded by the
event horizon so the energy density of the holographic model can be written as
ρD = 3c
2RE
−2 (6)
From above using the definition of the cosmological event horizon
RE = a
∫ ∞
a
da
Ha2
=
c
(
√
ΩD)H
(7)
where ΩD =
ρD
3H2 is the density parameter corresponding to dark energy. The equation of state of the dark
energy can be written as
ρD = ωDpD (8)
where ωD is not necessarily a constant.
Now the amount of energy crossing the event horizon in time dt has the expression [28,29]
− dE = 4piRE3H(ρt + pD)dt (9)
So assuming the validity of the first law of thermodynamics we have
3dSE
dt
=
4piRE
3H
TE
(ρt + pD) (10)
where SE and TE are the entropy and temperature of the event horizon respectively.
In order to obtain the variation of the entropy of the fluid (mentioned earlier) inside the event horizon we use
the Gibb’s equation [30,31]
TEdSI = dEI + pDdV (11)
where SI and EI are the entropy and energy of the matter distribution and for the thermodynamical
equilibrium the temperature of the matter distribution is assumed to be same as event horizon[32-34] . So
starting with
EI =
4
3
piRE
3ρt and V =
4
3
piRE
3 ,
and using the Friedmann equations the Gibb’s equation leads to
dSI =
4piRE
2
TE
(ρt + pD)dRE +
HRE
3
TE
(H˙ − k
a2
)dt (12)
Now to obtain the change in the radius of the event horizon (RE) we start with the expression from holographic
dark energy (i.e. equation(7) ) and again using the Friedmann equations and the conservation equation (5) we
get (after simplification)
dRE =
3
2
REH(1 + ωD)dt (13)
Hence using this expression of dRE in (12) we get
dSI
dt
=
2piRE
3
TE
H(ρt + pD)(3ωD + 1) (14)
Hence combining (10) and (14) the resulting change of total entropy is given by
d
dt
(SI + SE) =
6piRE
3H
TE
(ρt + pD)(ωD + 1) (15)
or equivalently using the deceleration parameter q = −1− H˙
H2
we obtain
d
dt
(SI + SE) =
12piRE
3H
TE
[
(1 + q)H2 +
k
a2
]
(ωD + 1) (16)
The above results lead to the following conclusions :
I. The generalized second law of thermodynamics will be valid on the event horizon if the holographic dark
energy component individually satisfies the weak energy condition i.e.
ρD + pD = ρD(1 + ωD) > 0 .
i.e if the holographic dark energy component is not of the phantom nature then universe as a thermodynamical
system with two non-interacting fluid components(as in the present case) always obey the second law of thermo-
dynamics. Also from equation (16) the expression within square bracket will be positive definite if k = 0, + 1.
For k = −1 we must have the inequality
1
a2H2
< (1 + q)
4for the validity of the generalized second law of thermodynamics.
Further one may note that, in this case the entropy of the event horizon also increases with time while variation
of the matter entropy with time is not positive definite,but the sum of the entropies increases with the evolution
of the universe. Also the radius of the event horizon increases with time.
II. If we consider the two fluid system as a single fluid with energy density and pressure
ρt = ρm + ρD , pt = pD
and assume the weak energy condition for the combined matter system then
ρt + pt > 0
i.e.
ρm + ρD(1 + ωD) > 0 .
Clearly the above inequality does not guarantee
(1 + ωD) > 0
i.e the weak energy condition for the holographic dark energy. Consequently from equations (15) and (16), the
validity of the second law of thermodynamics is not definite. More over from equation(16) the expression within
square bracket may be positive even if q is negative i.e. if
q > −1− k
a2H2
.
Therefore the generalized second law may be valid both for a accelerating and decelerating phase of the universe.
B. Gauss-Bonnet Gravity:
Due to complicated form of the field equations we consider only the flat FRW model in GB theory. In
(n+1)−dimensional flat FRWmodel the modified Einstein equations in GB gravity are [29] (choosing 16piG
n−1 = 1 )
H2(1 + α˜H2) =
ρt
n
(17)
and
H˙(1 + 2α˜H2) = −ρt + pD
2
(18)
with the conservation equations
˙ρm + nH(ρm) = 0 (19)
and
˙ρD + nH(ρD + pD) = 0 (20)
As, before we have the same expression for the radius of the event horizon considering the holographic dark
energy model [1] i.e.
RE =
c
(
√
ΩD)H
where in GB theory density parameter has the expression
5ΩD =
ρD
nH2(1 + α˜H2)
(21)
Thus using the above modified Einstein field equation a small variation of the radius of the event horizon is
given by
dRE = HRE
[
n
2
(1 + ωD) +
α˜H˙
(1 + α˜H2)
]
dt (22)
As the amount of energy crossing the horizon in time dt does not depend on any particular gravity theory so
from the first law of thermodynamics the time variation of the entropy of the event horizon is given by
dSE
dt
=
nΩnRE
nH
TE
(ρt + pD) (23)
where Ωn =
pi
n
2
Γ(n
2
+1) is the volume of an n-dimensional unit ball.
Again using Gibb’s law (11) and the variation of RE (given by equation (21)) and proceeding as in Einstein
gravity the rate of change of entropy (with respect to time) of the matter bounded by the event horizon can be
expressed as
dSI
dt
=
nΩnRE
nH
TE
(ρt + pD)
[
n
2
(1 + ωD) +
α˜H˙
(1 + α˜H2)
− 1
]
(24)
where we have to use the modified Einstein field equations (17)-(18) and the conservation equation (19), to
derive the above expression.
Thus combining (22) and (23) the time variation of the total entropy is given by
d
dt
(SI + SE) =
nΩnRE
nH(ρt + pD)
2TE
[
n(1 + ωD) +
2α˜H˙
(1 + α˜H2)
]
(25)
or equivalently using deceleration parameter
d
dt
(SI + SE) =
nΩnRE
nH3
TE
(1 + q)(1 + 2α˜H2)
[
n(1 + ωD)−
2α˜(1 + q)H2
(1 + α˜H2)
]
(26)
In this case we cannot make any definite conclusion regarding validity of the second law of thermodynamics.
The term within the square bracket in the r.h.s. of the equation (24) (or (25)) suggests that the equation of
state for the holographic dark energy should be restricted by a complicated expression involving H and H˙ .
Finally note that, as α→ 0 we get back our earlier results in Einstein gravity.
III. CONCLUSIONS:
In the present work we examine the validity of the generalized second law of thermodynamics on the
event horizon assuming the validity of the first law of thermodynamics both in Einstein gravity as well as in
Gauss-Bonnet gravity. We consider the universe as a thermodynamical system and is filled with non-interacting
two fluids. Here one component has been considered as the holographic dark energy and other is in the form of
dust. One may note that we have not used the blackhole entropy as the entropy of the event horizon. In the first
section we have shown that if the weak energy condition is satisfied by the holographic dark energy component
6on the event horizon then the generalized second law is valid there provided the first law is valid on the event
horizon. It is to be noted that a similar study was done by Horvat[35] for universe filled with holographic dark
energy. So our work may be considered as a generalization of his work with non-interacting two fluid system.
The next section deals with the flat FRW model in Gauss-Bonnet theory. Here also considering the holographic
dark energy scenario in the frame work of Gauss-Bonnet theory we have studied the generalized second law
of thermodynamics on the event horizon assuming the validity of the first law. But due to complicated form
of the expressions in Gauss Bonnet gravity we can not make any definite conclusion as in the previous case.
The criteria of the validity of the first law of thermodynamics on the event horizon will be interesting and
subsequently we shall study it.
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